arXiv:1509.01607vl [math.DS] 4 Sep 2015 


REAL ANALYTIC COUNTEREXAMPLE TO THE 
FREENESS CONJECTURE 

SCOT ADAMS 


Abstract. We provide a counterexample to P. Giver’s freeness 
conjecture for (7“ transformations. 


1. Introduction 

P. Olver’s freeness conjecture (in his words) asserts: “If a Lie group 
acts effectively on a manifold, then, for some n < oo, the action is 
free on [a nonempty] open subset of the jet bundle of order n.” In 
this note, we provide a counterexample to one interpretation of this 
conjecture: In Theorem 16.11 we show that a (7“' counterexample exists 
for the additive group Z of integers. Using Lemma 17.3 of |A1] . and 
following the proof of Theorem 18.1 in |A1] . it is possible to induce that 
Z-action to get a counterexample for any connected Lie group with 
noncompact center. Conversely, according to Theorem 19.1 of EH, the 
conjecture holds (in its (7* form and, consequently, in its C‘^ form) for 
any connected Lie group with compact center. 

A (7® counterexample for an action of Z can be found in the proof 
of Theorem 18.1 of EH- In that counterexample, Z acts on R^, and 
it seems likely that a counterexample could also be constructed 
on R"^, or, possibly, even on a lower dimensional Euclidean space. The 
best partial result I know of in this direction is [M], due to D. Morris, 
and involves a action on R of the additive semigroup of positive 
integers. However, the rigidity of (7“' actions makes this kind of argu¬ 
ment technically challenging. In the proof of Theorem 16.11 we avoid 
many technical issues through the use of topology. To wit, we construct 
a counterexample on a 3-dimensional manifold through a kind of 
dynamical surgery: Following an iterative recipe, we form a subset M 
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of and give it a locally Euclidean topology r. This topology r 
is chosen so as to reproduce the effect of gluing certain pairs of sub¬ 
manifolds together, and then passing to a fundamental domain. The 
resulting topological space (M, r) has inhnitely generated fundamental 
group, so is signihcantly more complicated, topologically, than a con¬ 
tractible space like R^. Also constructed iteratively is a maximal C‘^ 
atlas A on along with a C‘^ vector held V on the C‘^ manifold 

{M,t,A). The how of V is an R-action that, when restricted to Z, 
provides the desired counterexample. 

This writeup is not intended for publication. 


2. Miscellaneous notation and terminology 

Let N := {1, 2, 3,...}. For any sets A, B and function / : A 5, let 
dom [/] := A be the domain of /, and let im [/] := f{A) ^ B he the 
image of /. For any set A, let Id^^ : A —» A be the identity map on A. 

A subset of a topological space is meager (a.k.a. of first category) 
if it is a countable union of nowhere dense sets. A subset of a topo¬ 
logical space is nonmeager (a.k.a. of second category) if it is not 
meager. A subset of a topological space is comeager (a.k.a. residual) 
if its complement is meager. A subset of a topological space is locally 
closed if it is the intersection of an open set with a closed set. A subset 
of a topological space is constructible if it is a hnite union of locally 
closed sets. The collection of constructible sets is exactly the Boolean 
algebra of sets generated from the topology. 

Let M be a set, let r be a topology on M and let Mq be a r-open 
subset of M. We dehne t\Mq := {U e t\U c Mq}. For any maximal 
C‘^ atlas A on (M, r), we dehne A\Mq := {0 e A | dom [0] c Mq}. 

Let M be a C"^ manifold. Let F be a complete C‘^ vector held on M. 
For all f e R, we denote the time t how of V by : M M. By the 
Cauchy-Kowalevski Theorem, [a, t) •—> (c’’) : M x R ^ M is C‘^. For 

any A c for any B c M, let ^Y{B) := (b) | a e A, & e B}. For 

any A c for any b e M, let $)((&) := {^Y (^) I ® ^ For any a e R, 
for any S c M, let $^(5) := {$^(6) \bE B}. 

Let M be a C'‘^ manifold, let F be a C‘^ vector held on M, let A; ^ 0 
be an integer and let a e M. We say (F, a) is periodic to order k if, 
for some integer T ^ 0, the map : M ^ M agrees with the identity 
map Hm : M ^ M to order k at a. 
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Let denote the standard topology on For all 5 c R^^ let S° be 
the (r:j^)-interior in R^ of S. Let denote the standard maximal 
C-^ atlas on (R^,r:j^). Let E be the vector field on (R^,r:^,^#) 
represented by the constant map (x, y, z) i—> (1, 0, 0) : R^ ^ R^. Then, 
for all X, y,z,t ^ R, we have ^f{x, y, z) = {x + 1, y, z). Dehne functions 
TT : R^ —>■ R and If : R^ —>■ R^ by 7r{x, y,z) = x and n(a:, y, z) = {y, z). 

A topology will be called a manifold topology if it is Hausdorff, 
second countable and locally Euclidean. For any integer ^ 1, let 

L]\f := (—00,—A^ + 1 ) X R^, := (iV —l,oo) x R^ 

and Sn := {-N,N) x R^. 

A displayed system consists of 

• an integer N ^ 1, 

• a (r:j^)-constructible subset M of R^, 

• a manifold topology r on M, 

• a maximal C‘^ atlas A on (M, r) and 

• a complete C"^ vector held V on (M, r, A) 
such that 

• M° is r-open and r-dense in M, 

• T I (A/") - (r#) I (A/"), 

. A\(M°) = {At)\(MX 

• M n Fat is r-open in M, 

• Lm u Rn ^ M° and 

• there exists a function 9 : M° —» [0,1] such that 

6 = 1 on Ln u Rn and V = 6E on M°. 

Let D = {N, M, T, A, V) be a displayed system. We say that a e M 
is D-fiat if there exists n e R^ such that {—N,v),{N,v) e 
Let E{D) denote the set of D-hat points in M. We say that D is 
generically flat if E{D) is r-comeager in M. 

Let D = {N, M,t, A,V) and D' = {N', M',t', A',V') be displayed 
systems. We say D' is an extension of D if all of the following hold: 

• AT' ^ AT + 1, 

• M r\ Sn is r'-open in M', 

• M' c^Sn = Mc^Sn, 

• r'I (M n S'at) = tKMc^Sn), 

• A'\ {Mr, Sn) = A\{Mr Sn) 

• W|(MnFjv) = V\{MrSN). 


and 
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3. Coincidence of jets 

LEMMA 3.1. Let d ^ 1 and k ^ 0 he integers. Let wq e and 
let W be an open neighborhood in of wq- Let X : W ^ M. be 
and assume that 2 < X{wo) ^ 3. Then there exists a C ‘^ function 
Ao : —>■ (1,4) such that Aq agrees with A to order k at wq. 

Proof. Let 0 ;= (0,..., 0) e We assume, without loss, that teo = 0. 
Dehne p := A —2. Then 0 < p{Q) < 1. Let P ; —> M be a polynomial 

such that P agrees with p to order k at 0. Dehne Q : » M by 

(5(ti, ... ,Xd) = + ... + xf'^‘^. Then Q ^ 0. Also, Q vanishes 

to order 2A: + 1 at 0. For all a > 0, let fia '■= Pe~°‘^ : ^ R; then 
Ha agrees with P to order 2/c + 1 at 0, so pa agrees with p, to order k 
at 0. We have P(0) = ^(0), so 0 ^ -P(O) < 1- Choose Uq > 0 so large 
that —1 < Hao < 2. Let Aq := 2 + pao- D 

4. Facts about displayed systems 
Let D = (A, M, r, A, V) be a displayed system. 

LEMMA 4.1. Let Z ^ M. Then 

Z is T-nowhere dense iff Z is {r^)-nowhere dense. 

Proof Let Z' = Z n (M°). Then Z' ^ Z ^ {Z'] u [M\(M°)]. 

Since M° is r-open and r-dense in M, it follows that M\(M°) is 
r-nowhere dense in M. Then 

(a) Z is r-nowhere dense iff Z' is r-nowhere dense. 

Since Z' c M° and since r|(M°) = it follows that 

(b) Z' is r-nowhere dense iff Z' is (r:^)-nowhere dense. 

Since M is a (r:j^)-constructible subset of R^, it follows that M\(M°) is 
nowhere dense in R^. Then 

(c) Z is (r:j^)-nowhere dense iff Z' is (r:^)-nowhere dense. 

The result now follows from (a), (b) and (c). □ 

COROLLARY 4.2. Let Z^M. Then 

Z is T-meager iff Z is -meager. 

LEMMA 4.3. Let a e M. Then both of the following are true: 

(i) The set [*hR(u)] n [{—A} x R^] has at most one element. 

(ii) The set [*hR(u)] n [{A} x R^] has at most one element. 
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Proof. We prove only (ii); the proof of (i) is similar. Let w\ w" e and 
assume that {N,w'), {N,w") e <h^(cr). We wish to show that w' = w". 

Choose t',t" e M such that {N,w') = and {N,w'') = 

Fix f e R such that t ^ t' and t ^ t". Since V = E on Rn, we get both 
(cr)) = w' and n(<Fj^(cr)) = w". Then w' = tc", as desired. □ 

LEMMA 4.4. Let Q := M n Sj^. Then all of the following are true: 

(i) Q° = Qn{M°). 

(ii) Q° is T-open and r-dense in Q. 

(iii) Q° is T-open in M . 

(iv) r|(g°) = (r#)|(g°). 

Proof. Since Sn is (r:^)-open in R^, we get (M n Sn)° = (M°) n Sn- 
Since M° c M, we have M° = (M°) n M. Then 

Q° = {M SnT = (M°) r^SN = (M°) n M n Sn = (M°) n Q, 

proving (i). From the dehnition of displayed system, we know both 
that Q is r-open in M and that M° is r-open and r-dense in M. Then 
the intersection Qn{M°) is r-open and r-dense in Q, and so (ii) follows 
from (i). By (ii), Q° is r-open in Q, so, as Q is r-open in M, it follows 
that Q° is r-open in M, proving (iii). From the dehnition of displayed 
system, we know that r|(M°) = (r#)|(M°). So, because Q° c M°, we 
conclude that r|(g°) = (r:j^)|(g°), proving (iv). □ 

LEMMA 4.5. Let Q := M n Sn- Assume that D is generically flat. 
Then [J^(Zi))] n [g°] is {t#)- dense in Q°. 

Proof. By Lemma imf iii-ivi . Q° is r-open in M and r|(g°) = (r:^)|(g°). 

Since D is generically hat, it follows that E{D) is r-comeager in M, 
so [J^(i4)] n [g°] is r-comeager in Q°. So, because r|(g°) = (r:^)|(g°), 
we see that [J^(i4)] n [g°] is (r:^)-comeager in Q°. Then, by the Baire 
Category Theorem, [J^(i4)] n [g°] is (r:^)-dense in Q°. □ 

LEMMA 4.6. Let a e M and assume, for some T e R\{0}, that 
<h^(cr) = a. Then ^’^((r) c Sn- 

Proof. Since E = E on L^rui?jv, we see that [<F^((t)] n [Ljvui? 7 v] = 0. 
Then <F^(c7) c [R3]\[Ljv u c Sn- □ 

5. The iteration 

There is a graphic at the end of the paper, following the references, 
which should help the reader in understanding the following lemma. 
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LEMMA 5.1. Let D = {N, M,t, A,V) be a generically flat displayed 
system. Let ao e iF{D). Let k ^ 1 be an integer. Then there exists a 
displayed system D' = {N', M', r', A', V') such that 

(a) D' is an extension of D, 

(b) D' is generically flat, 

(c) iy', (To) is periodic to order k and 

(d) 4r(ffo) e Sa". 

Proof. By definition of a displayed system, r|(M°) = (r:^)|(M°) and 
A|(M°) = {A#)\{M°). Give M° this common topology and maximal 
C‘^ atlas. Give its standard topology and C‘^ maximal atlas. Give 
every open subset of its standard topology and C‘^ maximal atlas. 

Let Hq be the C‘^ vector field on represented by the linear map 
{y,z) t—>■ {y,—z) : R^. Then H® is complete and vanishes 

at (0,0). Moreover, for all f e R, <l>f° (y^z) = (e*|/,e“G). We let 
•= {(?/) -2) e R^ 11/^ + 2 :^ = 1} denote the circle of radius 1 in R^ 
centered at (0,0). Define C® : ® by C®(?/, 2 ;) = + 2 ;^ — 1. 

Then the function C® is C‘^ and vanishes on and only on C®. We let 
B® := {{y,z) e R^ I + 2 ;^ < 1} be the closed disk of radius 1 in R^ 
centered at (0, 0). Let Z® : = R x {0} c |g| x R c R^. 

Then C®, Z® and Z® are all nowhere dense in R^. The sets {(0, 0)}, Z® 
and Z® are all invariant under the flow of H®. For all v e (R^)\(Z®), 
we have: ° (v) leaves compact sets in R^, as t —>■ 00 . For all 

V e (R^)\(Z^), we have: $5° (v) leaves compact sets in R^, as f —>■ 00 . 

Let qq : R he defined by qo{y,z) = 1 — [exp(—— z^)]. 

Then qq is and vanishes to order 1 at (0,0). Moreover, for all 

V e R2\{(0,0)}, we have 0 < < 1. Let Hf := q^H®. Then Hf is 

complete and Hf vanishes to order 2k at (0, 0). 

Let fj® := : R2 R2. Then fj® : R^ R^ is a C‘^ diffeo- 

morphism which agrees with the identity Id]R 2 : R^ —» R^ to order 2k 
at (0, 0). Also, ^®(0, 0) = (0, 0) and f^®{Z®) = Z® and f^®{Z®) = Z®. 
For all V e (R^)\(Z®), we have: {fj®y{v) leaves compact sets in R^, 
as m —>■ GO. For all v e (R^)\(Z§), we have: ('0®)“™'(n) leaves compact 
sets in R^, as m —>■ 00 . 

As (To e RiD): fix Wo e R^ such that {—N,wo),{N,wo) e <F^((To). 
We define a translation T : R^ —» R^ by T(n) = n + wq. We then 
define fj := T o (fj®) o (T^i) ; R^ -> RT Then ^ : R^ R^ is a 
diffeomorphism that agrees with IdR 2 : R^ — > R^ to order 2k at wq. 
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Then ip{wo) = wq. Let Zh '■= T{Z®) and Zy := T{Zy). Then we have 
both ij^Zn) = Zh and 'ip{Zv) = Zy. For all v e (R^)\(Zv'), we have: 
'ip'^iy) leaves compact sets in as m —>■ oo. For all v e {M.‘^)\{Zh), 
we have: leaves compact sets in as m —>■ oo. 

We dehne Bo := r{Bf) and Co := T{Cf). Then wq e (5o)\(C'o). 
Let Co := (C®) ° —>■ R. Then Co is C‘^ and vanishes on and 

only on Cq. Let B^ := '^(-Bo) and C* := 'C’(C'o). Then wq e (i3*)\(C'*). 
Let C* := (Co) ° ('0”^) : R^ —» R- Then C* is C'^ and vanishes on and 
only on (7*. The sets Cq, C*, Zh and Zy are all nowhere dense in R^. 


Dehne a, /5 ,7 : 

R — >■ R and f,g,h ^ Why 

a{x) = 

{x + N + 7){x + A^ + 6 ), 

/3{x) = 

TT 

1 

1 

to 

77 

1 

1 

00 

77 

1 

0 

1 

77 

1 

7(0 = 

77 

1 

1 

77 

1 

1 

f{x,y,z) = 

1 - [exp(-K0]2 - [C.(?/,0]0], 

g{x,y,z) = 

1 - [exp(-[/3(a;)]2 - [Co(|/,0]0] and 

h{x,y,z) = 

1 - [exp(-[ 7 (a ;)]2 - [C^{y,z)f)]. 


Then /, g, h are C‘^ and 0 < / < 1 and 0 < 5 ' < 1 and 0 < h < 1. Also, 

• / vanishes on and only on {—N — 7, —N — 6 } x C*, 

• g vanishes on and only on {N + 2, N + 3, N + 4, N + 5} x Cq, 

• h vanishes on and only on {N + 6 , A^ + 7} x C*. 

As (-A^,m;o), (A^,Wo) e <h^(cro), we get {N,wo) e <F^(-A^, tco). Fix 

to e such that {N,wo) = A^, tco)- Since V = E on Ljv, we 

get to > 0. We have 7r(<F]^(—A^, tco)) = 7r{N,w) = N. Choose an 
open neighborhood hFo in R^ of wo such that, for all w e IFo, we have 
7r(<h]^(—A^, w)) e (A^ — 0.5, N + 0.5). Let J := {to — 0.5, to + 0.5) c R. 
Then, for all {t, w) e J x Wq, we have 7r(<Fj^ {—N, w)) e (A^ — 1, A^ + 1), 
so {—N, w) e (A^ — 1, A^ + 1) X R^ c Rj^ c M°. Moreover, 

{t,w) ^ 4 >Y{-N,w) : J X Wo M° 

is C‘^. Then {t,w) 7 r(<h]^(—A^, tc)) : J x ILq R is C‘^. By the 
Implicit Function Theorem, fix an open neighborhood VFi in hFo of Wo 
and a function Ai : VFi —>■ ( 0 , 00 ) such that Ai(tco) = to and such 
that, for all w e Wi, we have 7r{^^_^^^-^{—N,w)) = N. 

Let IF := IFi n [(So)\(Co)] n [(R2)\(C.)]. Then wo e W {Bo)\{Co) 
and IF is open in R^. We have IF n (7* = 0, and so we conclude that 
/ F 0 on [—A^ — 6 , — A^ —5] x IF. Also, we have IFnCo = 0, and so we 
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conclude that ^ 0 on [A^ + 1, + 2] x W. Also, we have that h 7^ 0 

on [A^ + 1 , A^ + 2 ] X W. Then, using the Implicit Function Theorem, 
we dehne C‘^ functions A2, A3 : hF —» ( 0 , 00) by: for all w s W, 

*Af(«) (-^-S.w) - (-N-i,w) and 

- {N + 2,w). 

Let Tq := [Ai(tco)] + [A 2 ('ir>o)] + [A 3 (wo)]- Then, because we have 

Ai(tco), A 2 (tCo); e (0, 00), it follows that Tq > 0. Fix an integer T 

such that To + 2 < T ^ Tq + 3. Then 2 < T, so T 7 ^ 0. Dehne 
A := T — Ai —A 2 —A 3 : VF ^ M. Then X{wo) = T — Tq, so 2 ^ A(tCo) < 3. 
By Lemma [3Tl £x a C‘^ function Aq : —> (1,4) such that Aq agrees 

with A to order k at wq. Define A := Aq + Ai + A 2 + A 3 : IF —> R. Then 
A agrees with the constant T to order k at wq. Let A^' := A^ + 10, 

/i := (-AT-S, -AT-S], /2 := [A^ + 1 , AT + S), 

/3 := (-00 , -A^ - 9 ], J4 := [A^ + 9 , 00), 

Ai := [-Ar- 7 , -A^-6] x 

Ti := {-A^- 7 , -A^-6} x (T,\a), 

A2 := [AT + e, A^ + 7 ] X 

Ts := {A^ + 6, A^ + 7 } X ( 5 ^^), 

A 3 := [A + 2,A + 3] X Bq , 

A 4 := [A + 4, A + 5] X Tq, 


M' 

= M 

Sn, 


M[ 

= [(A 

X R 2 ) \ Ai ] u Fi, 


M' 

= [{h 

X R 2 ) \ (A2 U A3 u 

X4) ] u ^2, 

M' 

X 

II 

R2, 


M' 

X 

II 

R^ and 


M' 

= {{x,v 

) e R X R^ — A — 

[Ao(n)] < X ^ -A}. 

Let M' 

= Mq u M 

' u M2 u Mg u M4 u Mg. For all integers j e [1,4], 


we have Mj $ By contrast, we have Mg c (M')°. In fact, we 

have (MT = [(Mi)”] u [(Af;)”] n. [(Afa”] n. [(Afa°] u [(Ada"] u [M',]. 
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Define pi, P 2 , ps. Pa '■ (—0.5, 0.5) x M' by 


pi{t,v) 

p 2 {t,v) 

P3{t,v) 

pA{t,v) 


<l>f (—iV — 9, t), if — 0.5 < f < 0, 

— 8,v), if 0 < f < 0.5, 

-5,v), if-0.5<f<0, 

[Ao(t)],t), if0<f<0.5, 

(^f{N, v), if — 0.5 < f < 0, 

+l,z;), if0<f<0.5, 

'^f^(N + 8,v), if-0.5<t<0, 
^f(N + 9,v), if 0 < t < 0.5. 


Define p 5 ,p 6 ,p 7 ,p 8 ■ (-0.5, 0.5) x (So\C'o) M' by 


P5{t,v) 

P6{t,v) 

p 7 {t,v) 

P 8 {t,v) 


+ 3, v), 

^t^{N + 2,v), 

^t^{N + 4,v), 

<^t^{N + 5,v), 


if - 0.5 < t < 0, 
if 0 < t < 0.5, 

if - 0.5 < t < 0, 
if 0 < t < 0.5, 

if -0.5 < f < 0, 
if 0 ^ f < 0.5, 

if -0.5 < f < 0, 
if 0 < f < 0.5. 


For all integers j e [1,8], let r) := {pj{U)\U e and U c doni[pj]}. 
Let Tg := ([t#]|[( dL0°]) ^ (u|[dLn F'tv]) ur( u ■ ■ ■ UTg. Then Tq is a basis 
for a manifold topology t' on M'. The set {M')° is then r'-open and 
r'-dense in M'. For all integers j e [1,8], the map pj is injective and 
dom [pj] c r 3; let Rj := im [pj] e rj c R and let Kj : Rj —» R^ be the 
inverse of pj. Let A!q := ([Al#]|[(M')°]) u (Al|[M n Sn]) u {ki, • • •, ns}. 
Then A!q is a atlas on Let A' be the unique maximal 

atlas on (M', t') such that Alg ^ A!. Then = [t#] |[(dT')°] 

and Al'|[(M')°] = [AI#]|[(M')°]. Give (M')° this common topology and 
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maximal atlas. Define a C‘^ vector field on (M')° by 



V 

fE 


ghE 

V 


on [(M'r]u[(M')°]u[(M')°]u[M'], 
on {M[r, 
on 


By constrnction of r' and A', let V be the nnique vector field 
on snch that D'|[(M')°] = f/'. Then D' = D on Also 

V' = V = Eon [(M')°] u [(M')°] u [M'] u [L^ n Sn] u n S^]- Let 
D' := {N', M', t', A'^ V). Then D' is a displayed system, and from the 
constrnction above, we know that D' is an extension of D. Therefore 
(a) of Lemma 15. II holds. It remains to prove (b), (c) and (d). 

Let Z' := [M']\[EiD)l 


Z[ := {AT+ 7.5} X C„ 

Z' := {AT+ 3.5} X Co, 

Z' := {-AT-5.5} X [C.vjZh], 

Z^ := {A^ + 5.5} X [Cq u Zy], 

Z' := (AT+ 1.5} X [CouZy], 

Zg := {A^ + 5.5} X 
Z} := {-N'} X C^, 

Pi := ( [AT + 7, AT + 8) X P, ) n M', 

P2 := (A^ + 3,A^ + 4) X Bo, 

P3 := ( [-Ar-6,-A^-5) X P, ) n M', 

P 4 := {N + 5, A^ + 6 ) X Pq, 

Pg ;= (-N -8,-N -7) X r2, 

Pe := [A^ + 1, A^ + 2) X and 

P7 := [A^ + 9,A^ + 10) X R2. 

For all integers j e [0, 7], let Z* := <I>^'(Z}). Let Z* := Zg u ■ ■ ■ u Z*. 
Let P* := {p e M' | ^ ‘Lr'(p) s.t. 7r(/i*) < (7r(p)) — 0.5 }. 

Claim 1: We have [Pi]\[Z*] c p^. Proof of Claim 1: Suppose that 
s e [A^ + 7, A^ + 8) c R and that v e R^. Let g := {s,v) s R^. 

Assume that p e M' and that p f Z*. We wish to prove that p e P*. 
We dehne /i* := {N + 3.5,'0“^(n)). Then 7r(/i*) = N + 3.5 < s — 0.5, 
so 7r(p*) < (^(/i)) — 0.5, so it remains to prove that p* ^ 4)^ (/i). 
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We have /i ^ Z*, so [*hg'(/i)] r\Z[ = 0. So, as (iV + 7.5,T) e 
we get (A^+7.5, v) ^ so v ^ C^. Then, by construction of V, we have 

(iV + 3.5,r'M) e <^r-oo, 0 )(/^)- Then = (iV + 3.5,e C(h), 

as desired. End of proof of Claim 1. 

Claim 2: We have [P 2 ]\[Z|] c p^. Proof of Claim 2: Suppose that 
s e (N + 3, + 4) c M and that v e Bq Let p, := (s, v) e M^. 

Assume that p, f Z^. We wish to prove that n e P^. We dehne 

:= {—N — 7,'f{v)). Then we have = —N — 7 < s — 0.5, so 

~ 0-5, so it remains to prove that pt,^ e <hg'(/x). 

We have p f Zf, so [*hR'(yu)] n Z 2 = 0. So, as {N + 3.5, v) e <hg'(^), 
we get {N + 3.5, v) f Z 2 , so v f Cq. Then, by construction of V, we 
have {-N-7,f){v)) e Then = {-N-7,f){v)) e 4>^'(^), 

as desired End of proof of Claim 2. 

Claim 3: We have [F 3 ]\[Zq u Z|] c p^. Proof of Claim 3: Suppose 
that s E [—— 6 , —N — 5) c M and v e ^ M^. Let p := {s,v) e 
Assume p, e M' , p f Zq and pfZ^. We wish to prove that p e P^. 

We have p f Zf, and it follows that = 0. So, as 

{—N — 5.5, n) e we get {—N — 5.5, t) f Z 3 , so t ^ Zh- Fix an 

integer m ^ 1 such that 

v,i^-\v),...,il;-^+\v)E B, and f B^. 

Dehne p^ := {—N — 7,'f~'^{v)). Then tt{p^) = —N — 7 < s — 0.5, so 
TT{pi^) < {t^{p)) — 0.5, so it remains to prove that p^ e <hg'(/i). 

We have p f Z^ so [<(/i)] r.Z'^ = 0, so [<(^)] n M' c p[D). 
Also, as [<hR'(/i)] n Z 3 = 0 , we get [<Fffi'(^)] n [{-A^-5.5} x C^] = 0. 
Then, working in reverse time, starting at /i = (<s,t), we see, from the 
construction of V, that all of the following are elements of 0 ) (h): 

(-A^-6 ,t), 

(A^ — 0.5,(—A^ + 0.5 ,— 

{N — I3.5,f)~’^{v)), (—A^ + 0.5,(—A^ — 6 , 


{N -{).5,%Ij-^{v)), {-N + {).5,%Ij-^{v)), {-N 

{-N -7,%Ij-^{v)). 

Then p^ = {—N — 7,fj~^{v)) e End of proof of Claim 3. 

Claim f: We have [P 4 ]\[Z|] c p^ Proof of Claim f: Suppose that 
s E [N + 5, A^ + 6) c M and that v e Bq ^ M^. Let p := {s,v) e M^. 
Assume that pfZf. We wish to prove that p e P^. 
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We have jj ^ and it follows that [<h^'(/i)] n Z'^ = 0. So, as 
{N + 5.5,n) e <h^'(/i), we conclude that {N + 5.5,n) ^ Z 4 , so n ^ Zy- 
Fix an integer m ^ 1 such that 


and ^ Bo 


Dehne := {N + 4 ,'^'"(n)). Then we have 7r(^*) = iV + 4 < s — 0.5, 
so 7r(/i*) < { 71 ( 11 )) — 0.5, so it remains to prove that /i* ^ ‘^’r (h)- 
Because [<hR'(/i)] n Z 4 = 0, we get [<hR'(^)] n [{A^ + 5.5} x Co] = 0. 
Then, working in reverse time, starting at /i = (<s,n), we see, from the 
construction of V, that all of the following are elements of 0 ) (0: 

(TV + 6,i/>(n)), (iV + 5.5,i/;(n)), 

(TV + 6,'^^(n)), (TV + 5.5, i/T^(n)), 


(TV + 6, i/>'"(n)), (TV + 5.5, i/’”^(n)), 

(TV + 4, %Ij'^{v)). 

Then /i* = (TV + 4,'^"^(n)) e <F^'(^). End of proof of Claim f. 

Claim 5: [TVfQ]\[ZQ] c Proof of Claim 5: Let p e Tkfg, and assume 
that p f Zq. We wish to show that p e P^. 

Since p, f Z'q = [Tkfg]\[0(D)] and since p e TVLq, we get p e B{D). 
So £x n e such that (— TV,n) e <h^(^). Let p^ := (—TV — l,n). 
Because p e Mq c Sn, it follows that —TV < 7i{p). Then we have 
= —TV — 1 < (7r(/i)) —0.5, so it remains to show that p^ e <F^'(^). 
From the construction of Vf we see that (—TV — 1, n) e <Fg'(— TV, v). 
We have {-N,v) e ^^{p), so, since = "F on TVfg, we conclude that 
(— TV, n) E <h^'(^), and, therefore, that <Fr'(— TV, n) = ^^'(/i). Then 
jw* = (—TV — l,v) E <F^'(— TV, n) = <F^'(/i). End of proof of Claim 5. 

Claim 6: Let po e M'. Assume po f Zq \j ■ ■ ■ kj Zf. Then there exists 
p^ E <F^'(yUo) such that 7r(/i*) < ('^(/io)) — 0.5. Proof of Claim 6: By 
definition of P*, we wish to show that po^ P^. 

Let P' := Pi u ■ ■ ■ u P4 u Tkfg. We have po f Z*, po f Z2, po f ZqU 
and pofZf. Also, po f Zq ^ Zq. Then, by Claims 1-5, we are done if 
Po e P', so we assume that po e (TVf')\(P'). 
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Let P" := Pi u • ■ • u P 7 u Mg u Mg. By construction of V', for 
all ^ = (s, n) e M X c have: 


h ^ (M')\(P") 


(s- 0 . 6 ,n) e $p(oo,o)(h), 

h e P 5 


{-N-9,v) E $f_(oo,0)(h), 

h e Pg 


(P-0.5,0 e $p(oo,o)(h), 

h e P 7 


(iV +7.5,0 G $f_:^,g)(h) 

he M' 


(_Ar-5,0 G $f_:^,g)(h). 


Therefore (M')\(P"), P 5 , Pq, P^ and Mg are all subsets of P^. 

Then yuo e {,M')\{P') c [(M')\(P")] P 5 Pq P 7 ^ M'^ P^, as 

desired. End of proof of Claim 6 . 

Claim 1: Let /xq ^ M' and assume that piQ f Z^kj- ■ -kj Zf. Then there 
exists pi e <h^'(/xo) such that 7 r(/xi) = —N'. Proof of Claim 1: By, if 
necessary, repeatedly applying Claim 6 , we arrive at yU+ e $^'(^ 0 ) such 
that 7 r(/i+) ^ —N'. Let a := —( 7 r(/i+)) — N'. Let /ii := <h^'(^+). Then 
/ii e (/i+) = (ho), and, since B' = P on (Mg)”, we conclude 

that 7r(/ii) = + a = —N', as desired. End of proof of Claim 7. 

Claim 8 : Let vi e (Po)\(P*) and hi := (~-^^Ul). Assume that 
pii f Zq \j Zl Kj Then (A^',ni) e <h|()'g^^(/ii). Proof of Claim 8 : We 
have hi f so [$R'(hi)] n Z^ = 0, so [$R'(hi)] n M^ c P{D). 
Working in forward time, starting at hi = (~A^^Ul), we see, from the 
construction of V\ that all of the following are elements of <h|()'gp^(hi): 

(-A^-9,ni), (-A^-5,ni), 

(—A^ + 0.5, ui), (A^ —0.5,ni), (A^ + 1.5,ni). 

We have hi f Z^, and it follows that [<hR'(hi)] uZg = 0 . So, because 
{N + 1.5, Ti) e $^'(^ 1 ), we get {N + 1.5, Ui) f Zg, so Vi f Zy. Fix an 
integer m ^ 1 such that Ui, '^(ni),..., e Bq and f)^{yi) f Bq. 

For all integers j e [1, m], we have i/^-^ (ni) e = P*- Then: 

• Ti e (Po)\(P*), 

• fjivi) , ... , e Bo n B^ and 

. i/>-(ni) G (P*)\(Po). 

Recall that [*l’R'(hi)] Afg c P{D). Also, as [*l’R'(hi)] u Zg = 0, we 
see that [*l’R'(hi)] ^ [{A^ + 1-5} x Cg] = 0 . Working in forward time, 
starting at {N + 1.5, Ui), we see, from the construction of V', that all 
of the following are elements of $|()'gp^(hi): 

{-N {N + 
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{-N {N + 


{N + 3.5,'iIj^{vi)), {N + 5.5,ij^{vi)). 

We have jji ^ and so n Zq = 0. That is, we have 

[<hR'(yUi)] n [{A^ + 5.5} x C^] = 0. Working in forward time, starting 
at {N + we see, from the construction of W, that all of 

the following are elements of 

(iV + 6,i/>-(ni)), 

{N + 5.5, {N + 6, 

{N + 5.5, {N + 6, i/;™-2(z;i)). 


(A^ + 5.5,i;i), (A^ + 6,i;i), 

(iV + 7.5,i;i), (iV + 9,ni), {N\vi). 

In particular, (A^',ni) e End of proof of Claim 8. 

Claim 9: Let vi e and let := (— A^',ni). Assume that pi f Z'^. 
Then (A^',z;i) e Proof of Claim 9: As (—A^',ni) = pi f Zij, 

we get Vi f C^, and so f f)~^{C^) = Cq. Working in forward 

time, starting at pi = {—N',vi), we see, from the construction of W, 
that all of the following are elements of 

{-N - 9, m), {-N - 7, m), (AT + 3.5, 

(7V + 7,t;i), (iV + 9,ni), (iV',ni). 

In particular, (A^',ni) e End of proof of Claim 9. 

Claim 10: Let vi e and dehne := (—A^',ni). We assume that 
pi f Zq Kj Z^ Kj Zq Kj Zj. Then {N', ui) e Proof of Claim 10: 

By Claim 8 , we are done if Vi e [Bq)\{B^). By Claim 9, we are done 
if Vi e B^. Then we assume Vi f [(i?o)\(i?*)] u 5* = Bqkj B^. We 
have Pi i Z*, so [$R'(/ii)] n Z' = 0, so [$R'(/ii)] n c 0{D). 
Working in forward time, starting at pi = {—N',vi), we see, from the 
construction of V, that all of the following are elements of 

(-A^-9,ni), (-A^-5,ni), (-A^ + 0.5, ui), 

(A^-0.5,ni), (A^ + l,ni), (A^ + 9,ni), (A^',ti). 

In particular, (A^',ni) e End of proof of Claim 10. 

Claim 11: [M']\[Z*] c >(D')- Proof of Claim 11: Fix po e M'. 
Assume that pofZ*. We wish to prove that po e iF(D'). 
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We have fio ^ Z* ^ u ■ ■ ■ ^ Z^. By Claim 7, fix fii e <h^'(/io) such 
that 7 r(/ii) = —N'. Let Vi := n(//i). Then {—N',vi) = /ii e <h^'(//o). 
By definition of J^{D'), it now suffices to prove that (iV', ui) e (/io). 

The set Z* is W-invariant. So, since /io ^ Z*, we get /ii ^ Z*. 
Then /ii ^ Z* ^ Zq u u Z| and ^ Z* ^ Z* ^ Zj. Then, by 
Claim 10, {N',vi) e So, since <hffi'(/ii) = <h^'(/io), we get 

{N', ui) e <l>^ (/io), as desired. End of proof of Claim 11. 

Claim 12: Z* is r'-meager in M'. Proof of Claim 12: Because D is 
generically fiat, it follows that M\[1F{D)] is r-meager in M. So, as 
Mg c M, we see that Zq is r-meager in M. Then, by Corollarv l4.2l Zq is 
(r:^)-meager in So, because Zq c M', it follows, from Corollary 14.21 
that Zq is r'-meager in M'. So, since the set Q of rational numbers is 
countable, we see that (Zq) is r'-meager in M'. 

Let M" := Mn([-W-f0.5, N-0.5] xR^) and let Z" := (M")\(W(T>)). 
Because V' = E on n S^, we see that Zq = <h|^g ^ g ^^(Zg). Then, 
because Q -I- (—0.5,0.5) = R = R -f- (—0.5,0.5), we conclude that 
4;$'(Za = i>i'{ZS) = 4^(2^)- Then 4j'(Za - 4^(2;) = Then 
Zq is r'-meager in M'. It remains to prove: Z*,..., Z* are all r'-meager 
in M'. We will only handle Z*; proofs for Z|,..., Z* are similar. 

Let Z+ := <h;((g 5 g 5 )(Z(). Then Z+ c (AT + 7, iV -f 8 ) x C,, so Z+ is 
(r:j^)-nowhere dense in R^. So, by Lemma [4.11 Zf is r'-nowhere dense 
in M'. We have Q -1- (-0.5, 0.5) = R, so <1>^'(Z+) = <l'^'(Z0. That 
is, = Z*. So, as Q is countable and Zf is r'-nowhere dense 

in M', we see that Z* is r'-meager in M'. End of proof of Claim 12. 

By Claim 11 and Claim 12, D' is generically fiat, proving (b) of 
Lemma [5.II By Lemma [4.61 (d) follows from (c), so it only remains to 
prove (c). That is, it remains to show: (y',ao) is periodic to order k. 

Recall that {—N, wq) e <l)^(cro). Recall that W, Wi and Wq are open 
subsets of R^, that wq ^ W ^ Wi c Wq c R^ and that W c (Rq)\(Co). 
Recall the C‘^ functions Aq : R^ ^ (1,4) and Ai : Wi ( 0 , oo) and 
A2, A3 : W —> (0, 00) and A = Aq + Ai -t- A2 + A3 : W ^ R. Recall that, 

(-f) for all w e Wi, = N. 

Recall that T is an integer and that T ^ 0. Recall that A agrees with 
the constant T to order k at wq. In particular, we have T = A{wo). 

Claim 13: For all w e IFi, we have W, tc) = {N,w). Proof 

of Claim 13: Let U' := (-W, -W + 1 ) x Wi and U" := [W(T>)] n U'. 
Because r|(M°) = because U’ ^ M° and because 
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U' is (r:^)-open in it follows that U' is r-open in M and that 
t\{U') = {t^)\{U'). Because T{D) is r-comeager in M, it follows that 
U” is r-comeager in U'. Then U” is (r:^)-comeager in U'. So, by the 
Baire Category Theorem, U" is (r:^)-dense in U'. So, since n(f/') = W\, 
we conclude that Il{U") is dense in Wi. Recall that 

{t,w) ^ : J X Wo ^ M° 

is Then w : Wi is C‘^, hence C^. Then 

it suffices to prove, for all w e n(f/"), that w) = {N, w). Fix 

a e U" and let w := n(( 7 ). We wish to prove: w) = (iV, w). 

Let X := vr((T). We have {x,w) = a e U" U’ Ljq. So, since 
V = E on Ln, it follows that {—N,w) e <FR(x,tc). Then we have 
{-N,w) E = <h^(cT), and so in) e <F^(a). Also, 

w = n(o-) e n([/') = Wi, so, by (-F), we get = N, 

*-e-, e {N} X R2. So, as in) e <F^(a), we get 

W ^ [<h^(a)] n [{A} X R2]. 

As cr e U" c E{D), £x n e R^ such that (—A, n), (A, v) e <F^(cr). Then 
(—A, in), (—A, n) e [‘^^(o')] n [{—A} x R^]. So, by Lemma lOf iL 
w = V. Then (A, in) = (A, n) e [‘^^(o')] n [{A} x R^]. So, by (*) and 
Lemma l4.3f iiL A, in) = (A, in). End of proof of Claim 13. 

Claim 14 : Let w e W. Then A — 6 ,in) = (—A — 6,'tp{w)). 

Proof of Claim If: By the dehnitions of A 2 and Aq and A', we have: 

0) - (-N-5,w) and 

(>i) - (-N,io). 

Since in e W c Wi, by Claim 13 and the dehnition of Vf we have: 

(>») - (A'+l.«>). 

Since in e hF c (Bo)\(Co), by dehnitions of A 3 and A', we have: 

H ( A-fl, in) = (-N -6, 

Since A(in) = Xs^w) - 1 - Ai(in) -f Ao(in) - 1 - A 2 (in), the result follows from 
(i), (ii), (hi) and (iv). End of proof of Claim If. 

Let Uo := (0,1) X lA and Uf := (-A - 6 , -A - 5 ) x fA. Then Uq is 
(r:j^)-open in R^ and Uf is open in {M')°. We give Uq the topology 
{t#)\{Uo) and we give Uf the topology (r#)|(Af) = (r')|(t/f). We 
give Uq the maximal (7^ atlas {A#)\{Uo) and we give Uf the maximal 
atlas (^#)|([/f) = We dehne a map T : Aq ^ Uf by 

r(t,in) = A — 6 , in). Let Ui := T{Uo). Then, by the Inverse 
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Function Theorem, the set Ui is open in U*. We give Ui the topology 
(r#)|(17i) = {t')\{Ui) and the maximal atlas {A#)\{Ui) = (^')|(17i). 
By the Inverse Function Theorem, F : Fq ^ is a C‘^ diffeomorphism. 

Let ^0 := (0.5,tco) ^ Uq and let := F(,^o) ^ Ui. By dehnition 
of F, we have — 6,tco)- By construction of V', we 

see that {—N — Q,wo) e ^^'{—N,wo). Therefore e iV, tco). 

Because {—N,wo) e <F^(ao), and because V = V on Mq, it fol¬ 
lows that {—N,wo) E <h^'((To). Then iV, tco) = Then 

6 6 <(-iV, i«o) = Ki'Vo). SO it suffices to show that is pe¬ 

riodic to order k. Since T is an integer and T ^ 0, it suffices to show 
that agrees with Mm to order k at 

By Claim 14, since T = A{wo) and since '^(tco) = Wq, we conclude 
that A^—6, tco) = {—N—6,wo). So, because e At—6, tco), 
we get <Fy (^i) = Let U[ be an open neighborhood in Ui of such 
that {U[) c Ui. Give U[ the topology {t#)\{U[) = {t')\{U[) and the 
maximal C"^ atlas {A#)\{U[) = (M')|(Lt(). Let xi •= ■ U[ ^ Ui 

be the restriction of to U[. Let li : U[ —* Ui be the inclusion. We 
wish to show that xi agrees with li to order k at 

Let Uq := F"^(Lt(). Then Uq is open in Uq. Give Uq the topology 
{t^)\{Uq) and the maximal atlas {A#)\{Uq). We have .^o ^ Uq- Let 
F' := F|G^ : G' ^ be the restriction of F to U'q. Then V : U'q ^ U[ 
is a diffeomorphism. Let Xo ■= [L^^] o xi o T' : Uq Uq. 

Dehne F : M x VF —> by 

F{t,w) = {T - [A{w)] + t , ijiw) ). 

Recall that = (0.5, tco)- Recall that A agrees with the constant T to 
order k at Wq and that tfj agrees with IdR 2 to order 2k at Wq. Then, using 
r:^|(R X W) and Al#|(R x W) on R x hF, and using and A^ on R^, 
it follows that F : R x IF —>■ R^ agrees with the inclusion R x IF ^ R^ 
to order k at .^o- In particular, F{^q) = ,^o- Let Uq := [Fg] n [F~^(Fo)]. 
The Uq is an open neighborhood in Uq of .^o and F{Uq) c Uq. 

Claim 15: F\Uq = Xo|f^o • Proof of Claim 15: Let f e R and w e Mf 
and assume that (t, w) e Uq. We wish to prove that F(f, w) = Xo(L ro). 

Since {t,w) e Uq c Fg, it follows that T'{t,w) e U[. Also, since 
{t,w) E Uq c F“^(Fo), it follows that F{t,w) e Uq. From the dehni- 
tions of F' and F, we conclude that F'(f, w) = F(f, w) = A^—6, w). 

Because (f, w) e Uq Uq = (0,1) x IF, we get w e W. So, by Claim 14, 

^Mw)i-N-Q,w) = {-N-Q, fj{w)). 
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We apply ^Y' to this last equation; since 
and since — Q,w) = r'(t, lu), we get 

Applying to this last equation yields 

4>?'(rU!0)) = 4 >t-[a(„)1 + ,(-JV-6,#0). 

which, by dehnition of xi and T and F, gives xi(r'(t, w)) = T{F(t, w)). 
Then xo(i,w) = ([T^^] 0 x 1 ° T')(t,w) = F(t,w), as desired. End of 
proof of Claim 15. 

Let lq U'q ^ Uq be the inclusion. As F : M x W —> agrees with 
the inclusion M x IT —> to order k at h follows, from Claim 15, 
that xo agrees with lq to order k at ^o- So, since Xi = T o yo o [(r0~^] 
and since z-i = T o /.g o [(T')"^] and since r'(^o) = r(^o) = it follows 
that Xi agrees with ti to order A; at ^ 1 , as desired. □ 

6. The counterexample 

THEOREM 6.1. There exists a C'^ manifold M and a complete 
vector field V on M and a sequence cri,cr 2 ,... in M such that 
{(Ti, (J 2 ,...} is dense in M and such that, 

for all integers k ^ 1, (V, ak) is periodic to order k. 

Proof. Let {ui,U 2 , ...} be a countable (r:^)-dense subset of R^. We de¬ 
note the standard norm on R^ by | • |. Let Nq := 1. Let Mq := R^. Let 
To •= T#- Let ^0 •= Let Vg •= E. Let Dq := [Nq, Mq,tq, Aq,Vq). 
Then Dq is a generically flat displayed system. 

Let Jq := M. Let Qq := Mg n Snq- Then Qq = Snq = Si, so 
Qq = Si, and so we have Qq A 0. Let ji := min{j e Jg \ uj e Qg}. 
By Lemma 021 £x oi e [F(Dg)] n Qq such that \ai — < 1. By 

Lemma [ 5 .11 £x 

a generically flat displayed system Di := [Ni, Mi, ti, ^1, Ti) 
such that 

• Di is an extension of Dq, 

• [Vi, cTi) is periodic to order 1 

. e Sa-.. 


and 
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Let Ji := Let Qi := Mi n Sn^- By definition of extension, we 

have Mo n Snq = Mi n Snq and Nq < Ni. Then 

Qo = Mq n S'atq = Ml n S'atq c Mi n = Qi, 

so Qo — Qt SO) since Qq ¥= 0, 'we conclude that Ql ¥= 0- Let 
j 2 := niin{j e Ji \ ojj e Ql). By Lemma IT7^ fix a 2 e [J^(-Di)] n Ql such 
that 02 — Wjal < 1/2- By Lemma [5.11 fix 

a generically fiat displayed system D 2 = {N 2 , M 2 ., T 2 , ^ 2 , V 2 ) 
such that 

• D 2 is an extension of Di, 

• ( 1 ^ 2 , <^ 2 ) is periodic to order 2 and 

• $^^(cr2) c 

Let J 2 := ^ 2 }- Let Q 2 '■= M 2 n S'atj. By definition of extension, 

we have Mi n = M 2 n and Ni < N 2 . Then 

Qi = Ml n S’jVi = M2 n c M2 Sjsf^ = Q2, 

so QI Q 2 - So, since QI ¥= 0, we conclude that Q 2 ^ 0- Let 
js := min{j e J 2 | (Uj e Q^}- By Lemma IT751 fix 0-3 e [0[D2)\ n Q 2 such 
that |(T 3 — Wj-gl < 1/3. By Lemma [5.11 fix 

a generically fiat displayed system D 3 = M 3 , T 3 , ^ 3 , V 3 ) 

such that 

• is an extension of D 2 , 

• (L 3 , aQ is periodic to order 3 and 

• $^^(cr3) c Sn^. 

Continue ad infinitum, obtaining a sequence Dq, Di, D 2 , ■ ■ ■ oi displayed 
systems and a sequence ai, (T 2 ,... in Also constructed are subsets 
Qo ^ Qi ^ Q 2 ^ ■ of and subsets Jo 3 Ji 3 J 2 ^ • of M. Also 

constructed is a sequence ji, 0 ,... of distinct positive integers. 

Let M := Qo u Qi u Q 2 u ■ ■ ■. For all integers A: ^ 0, Hfc is a displayed 
system, and so Qk is r^-open in M^.. Also, for all integers fc ^ 0 , for 
all integers A;' ^ A: + 1 , we know that Dy is an extension of Dk, and it 
follows that Qk is r^'-open in M^/, and, moreover, that 

Ac' \ Qk Ac I Qfc) '^k' \ Qk IQ k and V// \ Qk L/1 Qfc • 

Let T be the unique topology on M such that, for all integers /c ^ 0, we 
have r|Qfc = rfc|Qfc. Let A be the unique maximal atlas on {M,t) 
such that, for all integers fc ^ 0, we have Jl|Qfc = JlfcIQfc. Give M the 
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topology r and the maximal atlas A. Let V be the unique vector 
held on M such that, for all integers A; ^ 0, we have V\Qk = Vk\Qk- 
For all integers k 0, Qk ^ Tk\Qk = T\Qk c r, so Qk is open 
in M. For all integers k ^ 1, {Vk^cFk) is periodic to order k] so, as 
<hR'=((Tfc) ^ Mk^ Sni, = Qk and asV = Vk on Qk, we see that (V, ak) is 
periodic to order k. Let S := {ai,a 2 , ■ ■It remains to show: S is 
dense in M. Since M = Qi ^ Q 2 yj ■ ■ ■, it suffices to show, for all 
integers A: ^ 1, that S n Qfc is r-dense in Qk- Fix an integer k ^ 1. 
Since Tk\Qk = 'r\Qk, we wish to prove that S n is r^-dense in Qk- 
Let S' := S n Ql- By Lemma H^ ii). Ql is Tfc-dense in Qk-, and it 
therefore suffices to prove that S' is r^-dense in By Lemma H^ iv). 

Tk\{Qk) = {.T#)\{.Qk)y it suffices to show: S' is (r:^)-dense in Ql- Fix a 
nonempty (r:^)-open subset U of Ql- We wish to prove that S'nf/ ^ 0. 
Fix a nonempty (r:j^)-open subset Uq of U and £x e > 0 such that, 

(*) for all cj e Uq, for all a e M^, if |cr — a;| < e, then a e U- 

Fix an integer m-Q ^ k such that 1/mo < Let j' := maxjji,... ,jmo}- 
By density of {cjy+i, a;y+ 2 , • • •} in M^, £x an integer j* ^ / + 1 such 
that e Uo- Since > f, we have ^ {ji,..., 

Let n ■-= min{m e N | (m ^ ttiq + 1) and [jm ^ /*)}• Then we 
have n ^ mo + 1 and jn ^ j*- Also, by minimality of n, we conclude 
that 0 ^ {jmo+i, • • -Jn-i}- So, since ^ {ji,.. -,jmo}, h follows that 
3 * e N\{ji,.. -,jn-i}- That is, 0 e J^-i- Since A: < mo < n - 1, we 
have Qk ^ Qn-i, so Ql c Then 

€ Uo ^ U ^ Ql Ql_^- 

Let J' := {j e Jn-i \ ujj e Ql-i}- By dehnition of jn = min J'. So, 
since j„ e J', we get jn < j*- So, as jn > j^, we get jn = j*- Then 
Uj^ = Uj^ e Uo- So, as |(t„ — Uj^\ < 1 /n < 1/mo < £, we conclude, 
from (*), that cr„ e U- So, as U ^ Ql, we get cr„ e Ql- So, since an e B, 
we get (j„ e S n = S'. Then cr„ e S' n U, and so S' n A/ 7 ^ 0. □ 
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